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HARMONIC ANALYSIS ON CENTRAL
TOPOLOGICAL GROUPS

BY
SIEGFRIED GROSSER(*) AND MARTIN MOSKOWITZ(?)

Introduction. In the present paper we continue and, in a sense, complete the
investigations concerning [Z]-groups carried out in [8], [9], [10], and [11]; our
notation and terminology is for the most part that employed in these papers. In
particular, we utilize the following: %, _(X) and #(X) denote, resp., the con-
tinuous functions vanishing at co and the bounded functions on the locally compact
Hausdorff space X, ¢ is the characteristic function of SS X. G is a locally compact
group; M(G) and ¥(G) denote, resp., the measure algebra and set of (this time)
normalized characters of the elements p of %,(G); here, Z(G) denotes continuous
irreducible unitary representations (or their equivalence classes) and %y;,(G) those
elements of %(G) which are finite-dimensional; in the case of a [Z]-group, they
coincide. M,(C) is the matrix algebra of order n over C. The symbol ~ denotes
both topological closure and complex conjugation.

The results used here as well as the methods of proof depend primarily on those
of [9], and only familiarity with [9] is actually presupposed. However, an overall
perspective of the subject is provided in the introduction to [10]. As for harmonic
analysis, another motivation for, and historical antecedent of, the present work is
the program initiated by R. Godement in [3], [4], and [S], and carried out, in the
more general case of [SIN]-groups, in [6]. The great detail and explicitness of the
present work is of course due to the special position of [Z]-groups within the class
of [SIN]-groups and, in fact, within all the classes of groups, satisfying compactness
conditions, that have arisen to date. (For a full discussion of these classes see [10].)
An excellent survey of the literature concerning harmonic analysis on groups, until
rather recently, is provided in E. Hewitt [12], G. W. Mackey [17], [18], and I. E.
Segal [24].

The paper is organized as follows. §1 contains approximation theorems (Theorem
(1.2) and Corollary (1.4)) related to and dependent on those of [9]; however, in the
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present case, the formulation is in terms of a fixed character of Z(G) and approxi-
mation is uniform on G. This leads to a strengthened version (Theorem (1.5)) of
the character formula of [9] eliminating the assumption of almost-periodicity. In
§2 we extend the #-operator defined in §1 of [9] from Z (G) to the L,-spaces and
investigate its behavior with respect to convolution (Theorem (2.1)). Ideals in the
group algebra L,(G) are #-stable (Theorem (2.2)), and L,(G) is strongly semisimple
(Theorem (2.4)) in the sense of Segal [22]. See also Hewitt [12].

In §3 we define a new radical, larger than the strong radical—we call it the finite
radical—and, using methods different from those of §2, we prove a result which
both sharpens and generalizes Theorem (2.4) of this paper as well as Theorem (1.7)
of [22]. This allows us to give a complete characterization of [MAP]-groups in
terms of this stronger type of semisimplicity (Theorem (3.1)). The proof involves a
uniqueness theorem for the Fourier transform of a measure (Theorem (3.2)). As a
corollary another uniqueness theorem is derived for a modified notion of Fourier
transform appropriate for central functions (Corollary (3.3)). The fact that the
finite radical is in general larger than the strong radical is illustrated by Example
(3.5).

§4 is devoted to the derivation of the Plancherel Formula for [Z]-groups, with
an explicit form for the Plancherel measure (Theorem (4.1)). Since this is one of the
central results of the theory it may be appropriate to quote from the recent survey
article by I. E. Segal [24] where the author states (p. 480): “The most important
example, as well as the most significantly integration theoretic is that of the problem
of the development of an effective common extension to the Plancherel Theorem for
abelian groups and the Peter-Weyl Theorem for compact ones”’; and again (p. 484),
in reference to type I groups: ... it is not to be expected that there exists any
explicit expression for the Plancherel measure which is applicable to broad classes
of groups.” The point of §4 is to elucidate the fact that if the class involved is not
too broad, i.e., [Z], then both these problems have a common affirmative solution.
A corollary, based on the results of §3, is a Plancherel Formula for central functions
(Corollary (4.4)). Finally, as was mentioned in [9], compact groups can be charac-
terized within [Z] via the Plancherel Formula (Corollaries (4.5), (4.6)).

In §5 the equivalence criteria for representations derived in §6 of [9] are strength-
ened and generalized (Theorem (5.1)). There follow some facts (Corollary (5.2))
concerning the topology of the dual %Z(G) of the [Z]-group G. In Definition (5.3)
and Theorem (5.5) a notion of “ampleness” of the group algebra of a locally
compact group is introduced and studied. The presence of this property is shown
to be equivalent to a certain property (Definition (5.8) and Theorem (5.9)) of sets
of numbers on the unit circle, which in turn is equivalent to the conclusion of
Theorem (5.1). An application to matrices (Corollary (5.10)) is given.

§6 deals with the structure of the group algebra and its center in the case of a
[Z]-group; the discussion utilizes much of the contents of the preceding sections.
In Theorem (6.1) we show that if G is an [MAP]-group then the center Z(L,(G))
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is a semisimple *-algebra consisting of central functions. In the special case of a
[Z]}-group the maximal ideal space .#(Z(L,)) is found to be ¥%(G), the set of
normalized characters of irreducible representations (Theorem (6.4)). Moreover,
each ideal is v-stable, where v denotes the usual involution (Corollary (6.5)).
Theorem (6.6) describes the topological structure of %(G), and Corollaries (6.7)
and (6.8), respectively, generalize the Riemann-Lebesgue Lemma and the unique-
ness theorem for the inverse Fourier transform of the abelian theory. In Theorems
(6.10) and (6.11) we give generalizations of Bochner’s Theorem and the Fourier
Inversion Theorem, respectively. In the latter theorem the unique measure involved
is naturally the Plancherel measure transferred to X¥(G). This gives rise (Corollary
(6.12)) to an isometry of the appropriate Hilbert spaces. Finally, we turn to the
group algebra itself and its maximal ideal space .#(L,), the set of regular maximal
2-sided ideals in L,. It consists precisely of the kernels of Fourier transforms of the
elements p of Z(G) (Theorem (6.18)). From this it follows that each ideal in #(L,)
is v-stable and of finite codimension (Corollary (6.20)). The above also yields
(Corollary (6.19)) bijective maps, with a commutative diagram, between the
following sets:

R(G) ——> M(Ly)

|

¥(G) —— A(Z (L)

In the case of Hilbert space representations of G and regular maximal ideals of L,
the above results apparently generalize those of Kaplansky [14] in the case
G=AxK.

In fact, many of the results of the present paper are generalizations to [Z]-groups
of questions raised and results stated for groups of the form 4 x K in [5].

1. Approximation theorems and a character formula. In order to prove the
Plancherel Formula referred to above as well as for other purposes it is desirable
to study the function space #(x) where x is a fixed character in Z~ and F(x)
denotes the linear space of complex-valued measurable functions on the [Z]-group
G satisfying the condition

@ fx2) = x(2)f(x),

for all z € Z and almost all x € G. In the case of a continuous function condition (i)
holds for all x € G and all ze Z. We will denote by Z(x) the subspace of Z(G)
associated with representations in A~(y), where A: Z(G) — Z” denotes the canoni-
cal map of [9, §6].

PROPOSITION (1.1). Let G be a [Z]-group. Then #(G) N F(x)=Z(x)-
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Proof. If f€ #(x) then fis of the form

deg p¥

(ii) =2 2 cheby
k=1 i,7=1

where p*e A"Y(x), for k=1,...,n. If pe A~1(x) then evidently p(xz)=x(z)p(x),
for all xe G and zeZ, and hence p;; € #(x), for i,j=1,...,d, Thus fe #(x)
N Z(G). To prove the reverse inclusion suppose f belongs to #(x) and satisfies (ii)
where the p* are arbitrary elements of #. Then f=>%_, f,, where f,, = >{£27 ck; pk,
and p* € A~ (x,), where x, € Z", for k=1, ..., n. We may assume f,,#0, for all
k=1,...,n. Since the p* are distinct, i.e., unequivalent, this implies (see, for
example, Proposition (3.1) of [9]) that the f, are linearly independent; but, since
f.#0 for all k, f#0. Now

FO(E) = fixz) = ,ka(xz) - Z [,

The last term may be rewritten as >7:; g(x)x(z) where {x, | s=1,..., ny} is the
subset of {xi,..., xa} consisting of distinct characters, and each g, is a sum of
certain f;’s (or possibly an f; itself). Thus

(iii) Jx)x(2) = Z g(X)xs(z), forallxeG,zeZ.

Since the y;, are all distinct and therefore linearly independent we conclude from
the dependence relation (iii) that either f=0, or one of the g;=0, or y =y, for some
s=1,..., n,. Since the first alternative is false and the second implies, by linear
independence, that one of the f,, =0, and thus is also false, we conclude that y =y,
for some k=1, ..., n.

The proof now goes by induction on n. If n=1 then f=f; € #(x,). Since y=yx,
we have f € Z(x). Now write f=f; + >%_, f, and assume y=yx;. Then f(xz) —f1(xz)
=fx(2) —i(X)x(2) =(f—f)X)x(2). Since f—fi € F(x) N Z(G), the inductive
hypothesis tells us that f—f; € #(x). Since f; is in F(x) soisf. |}

The followirg approximation theorems amplify the assertions and utilize some
of the methods employed in Theorems (3.2) and (3.3) of [9].

THEOREM (1.2). Let G be a [Z]-group, x € Z" and f € F(G) N F(x). Then f can
be approximated uniformly on G by functions in %(x).

Proof. Since fis continuous and in #(x) we have condition (i) satisfied for all z
in Z, x in G. Choose p in A~(y) according to Theorem (5.5) of [9]. As remarked
above, we have p, e F(x) N F(G), for all i,j=1,...,d,. Now f(xz)p,(xz)~
=f()x(2)p1i(x)"x(2) " =f(x)p1i(x)~. Thus fpy; € #(G/Z), for each i. Hence, by
Theorem (3.2) of [9] (or by the Peter-Weyl Theorem), for any e >0 there exists, for
each i, a representative function r; associated with representations in Z(G/Z) so
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that || fpr; —ri]l¢/z <e; that is to say || fp5; —ri] ¢ <&, for all i. This in turn yields the
fact that | fpyps; —ripsile <l puillc- But then

dp dp dp
“f_ z ripy) = “f(z Plini) - Z Tipy
i=1 c =1 i=1
d

o dp
< D Ifeupii—rpule < e D, lpule < ed,s
i=1 i=1

G

because each |pyfc=<1.

Since ¢ >0 is arbitrary and p is fixed, the proof will be complete if we can show
that 3, ripy; € %(x). To this end it is sufficient to show that if ¢ € A=1(1)=%(G/Z)
and p € A7 (), then oy,p,, € F(x), for all i, j, k, and I. For x € G and z € Z, we have
011Pe(X2) = 01(X) pri(X)x(2) = X(2)o13p1ci(x), sO that oy;p, € F(x). Moreover, as in the
proof of Theorem (3.2) of [9], oy;p,; belongs to F(G), that is to F(x) (Proposition
(1.1). 1

Since each fin Z,(G) N F(x) can be approximated uniformly on G by functions
in #(x), i.e., by almost periodic functions, we have

CoROLLARY (1.3). #(G) N F(x) is contained in the algebra of almost periodic
functions on G. In particular these functions are uniformly continuous.

COROLLARY (1.4). Let G be a [Z])-group, x an element of Z™, and f in #, N Z,
N F(x). Then f can be approximated uniformly on G by functions of the form
>R _1 CeXok, Where ¢, € C and p* € A~ Y(y), for k=1,...,n.

Proof. Since fe Z, N F(x), f can be uniformly approximated on G by some r in
Z(x), and, in particular, on any compact set. As in the lemma of §1 of [9], we have
G=UZ where U is compact and invariant. Thus |f—r|y<e. We apply the
#-operator introduced in Theorem (1.1) and proceed as in the proof of Theorem
(3.3) (both of [9]). Then

(=r¥ = fr=rt = 1= 3 e

Moreover, |f—2 cixs*|lv=|(f—r)#|v=|f-r|u<e. If x=uz where ue U and
z € Z then f(x) =f(u)x(z) and g(x) =g(w)x(z), where g =3}, cix,». Thus | f(x) —g(x)|
=1 /) ~g@)| x()], so that | f~glo<e. I

The next result is a refinement of Theorem (4.2) of [9] where the following is
proven. Let G be a [Z]-group and f a nontrivial continuous complex function on G.
Then ff(1)=x,/x,(1), for p in &, if and only if f satisfies the character formula

F@ ) = 1) le flxt =) dr

and is almost-periodic; p is uniquely determined by f.
The merit of the following theorem derives from the fact that in applications
we need not know beforehand that fis almost-periodic. This will be significant in §6.
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THEOREM (1.5). Let f be a nontrivial bounded continuous function on the [Z]-group
G. Then f satisfies the character formula if and only if flf(1)=x,/x,(1), for a unique p
in 2(G).

Proof. By Theorem (4.2) of [9] it suffices to show that if f is bounded and
continuous and satisfies the character formula then f is automatically almost-
periodic. As in [9] we know f(1)#0. By considering f/f(1) we may assume that the
character formula takes the form

(iv) £ f(y) = fm flxt =) dr'.

It follows from (iv) that f(z) f(y)=f(zy), for z € Z and y € G. Hence the restriction
fz is a homomorphism of Z into C*, the multiplicative group of C. Thus f(Z), and
therefore also f(Z) -, are subgroups of C*. Since fis bounded, f(Z) " is a compact
subgroup. However, the unit circle T is the maximal compact subgroup, so that
f(Z)-<T. Since f is continuous, we conclude that f;=x € Z". It follows that
f@)=x(@)f (), for zeZ and ye G. This means fe #(x) and therefore, by
Corollary (1.3), fis almost-periodic.

2. The #-operator and strong semisimplicity of L,(G). We now extend the
#-operator defined in §1 of [9] from & (G) to the L,-spaces, 1 <p <oo. Generalizing
a definition made there we denote by %,(G) the complex measurable functions f on
G such that, for each x in G, f(xyx~')=f(y), almost everywhere in y (where the
null set depends on x). As is well known, for any unimodular group G, #, N L,
=2Z(L,). This is deduced by use of the strong, and therefore weak, continuity of
the left and right regular representations of G on L;. We also define ~: L, — L,,
for 1=p=<oo, by f~(x)=f(x"1)". For p=1 this is standard notation, in view of the
unimodularity of [Z]-groups [9, p. 366]. Moreover, | f~|,=|fll,, for all fin L,
and 1 <p=<oco. For fin L,, we write

fHy) = L,zf("y"”) dv  (yeG, 15 p< o).

THEOREM (2.1). Let G be a [Z)-group and 1 <p<oo. Then # is a well-defined
linear operator on L,, of norm 1. Moreover, it is idempotent, commutes with ~,
preserves positive functions, and Lt=L, N Z,.

In the case p=1, we have Lt = Z(L,) (by the above), (f# * g)¥=f# x gt (f,g€L,),
and, in particular, (f*g)*=fxg# (fe Z(L,),g€L,). Finally (f*g)*=(gxf)*
(f, g € L,). In the case p=2, # is selfadjoint and therefore a projection.

If f is a bounded uniformly continuous function and # is defined as above then f*
isin % N F,N\Z, and one has || f|c=|fls-

Proof. For fin L,, the function ¢: G/Z x G— C which sends (x', y) into f(xyx 1),
as well as |p|?, is measurable. Suppose 1<p<co and 1/p+1/g=1. Then, since
1 € L(G/Z), we have, by Holder’s Inequality,
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L eI ' ( J'm LfGeyx-1)|P dx')llp( fa Gk dx')m.

Since G is unimodular, [¢ | f(xyx~Y)|? dy=| f||z < 0. In view of the normalization
of Haar measure on G/Z this shows that [¢; [ | f(xyx~2)|? dy dx’ <o0. By the
Fubini Theorem (g, | f(xyx~1)|? dx" exists a.e. in y and

LL/Z |fxyx=1)|? dx" dy = fa/z J; [ fxyx=Y)|? dy dx: = | f]z.

Holder’s Inequality then implies that f#(y) exists a.e. Moreover, |f#(»)|P<

Jarz |fGxyx=1)|? dx” so that || f#2< | f|2. Thus f# € Ly, | f#],< /1.

If p=1 then, evidently, [ |f#*(»)| dy<[¢[ez|f(xyx~1)| dx" dy. By the same
calculation as that made above this equals || f]|,. Thus f# is well defined in L, and
I [ fll If fis in & N &, then f# is in & N &, by Theorem (1.1) of [9].
Moreover,

tub |/#(y)] < 1ub [ |y ' 5 Il

Hence || f#|s < | fllc and f# € &, Clearly, # is linear and preserves positive functions.
It follows from the definition of # that f# e #(G). Thus #: L, > L, N %, If
1=p<oo and fe L, N £, then f=f* a.e.

Thus L=L, N &, and # is idempotent. It follows that the norm of # is 1. By
unimodularity we have (f~)#(y)=[c;z f(xy~*x~Y)" dx’, i.e., Ay~ =(fFH (),
so (fY)=(f#)".

If p=1, then
0 (reye) = | femt-pir dyar

Therefore
@ = [ [ [ forse-ysryas gy dyar
GIZJGJGIZ
By the Fubini Theorem and the unimodularity of G this is
L[ ststa=xs2ys)s-29g((s=2ys) 1) s di” dy,
GJGIZ JGIZ
ie.,

fG J.G/z GlZ f(stX(St)_ly)g(s- y_]'S) ds. dt' dy

Applying the Fubini Theorem again and employing the map y — (st)y(st)~! we
obtain

L L/z falz S(stxy(st)~Y)g(s~ *(sty(st) ") ~1s) ds dt dy,
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ie.,
f f Flstxy(st)-g(ty=1t-Y) ds dt dy.
G JGIZ JGIZ

Since the last expression equals

f G fa/z O (f Giz J(st)xy(st)™") ds) dt’ dy,

where the inner integral is f#(xy), we obtain
f f gty 2t~ Yff(xy)dt' dy = ff#(xy)f gty~t=Y)drt dy,
GJGIZ G GlZ

i.e., f# x g#(x). Thus (f# * g)# =f# = g#, for f, g in L,. Finally we show that (f * g)#
=(g *f)#, for f, g in L,. Using (i) we see that

(g *NH(x) = f [ sexe=yr ayar
GIZJG
This is
L . Lg(y)f(«txt-l)-ly)-l) dydr'.

By unimodularity this equals

[ [ soam@se -y dyar

which simplifies to
[ [ sty ayar,
GIZJG

ie.,
L[, rome-rar)

Therefore, using (i), we see that it is sufficient to show

(ii) fm SfGxt—y)dt' = L . Sf(rixt—Y) dr'.

One establishes this by considering the map ¢ — y~'z.

If p=2, then {f#, g>={¢[c;zf(xyx~")g(y)~1dx"dy. On the other hand,
gt f>~ =J¢faz 8(xyx~1)~f(p) dx" dy. One sees that # is selfadjoint by applying
unimodularity twice.

THEOREM (2.2). Let G be a [Z]-group and I be any closed 2-sided ideal in L,(G).

Then I*<I; in fact, I#=I N Z(L,). In particular, the strong radical of L,(G) is
#-stable.
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Proof. Let fe I. Then, since I is a left ideal, f, € I, for each x in G. Using the
fact that I is also a right ideal we see that (f,)**=x A fe I, for all x in G. Consider
the pairing L, x L, — C given by

(& 4) > fag(x)sb(x) dx  (geLydely).

Suppose ¢ € I* (orthogonal complement). Then
[ romiyay = [ (] woascs— ax)ucy) a.

This equals [¢ w(x)([¢f(xyx~D(y) dy) dx=[ w(x)(x A f, $) dx. Since xAfel,
for all x, and $ e I, (x A f, ¥)=0 on G, and therefore (f#, $)=0. Hence f# € I**.
Since L¥=L,, and I is closed it follows from [16, 8C] that I**=1. Thus f# € I and
I*< I Then evidently I#=InN Z(L,). |

The next lemma is used in the proof of Theorem (2.4) as well as (6.11).

LemMA (2.3). If G is an [SIN]-group then %, N L, is a dense 2-sided ideal in L,.
In particular, if f belongs to %, N L, then so does f* .

Proof. The density follows from the fact that &, is dense in L,. Let fe #, N L,
and g € L,. Then we show f* g € #,. For x,, x, € G, we have

|+ 8 ~F + 86l < [ 1fCa3)=F0ap)] 163 .
By uniform continuity of f and the fact that G € [SIN] it follows that
|fOe1p) = f(xay)| < e

for all y in G, if xi 1x, is in some neighborhood of 1 in G. By unimodularity, we
then have |f* g(x,)—f * g(x2)| =¢| g||,- A similar argument shows g x fe Z,. ||

The following theorem, as announced in the introduction, generalizes a result
of Segal [22], while making use of essentially his method of proof. In the next
section we shall give a further generalization as well as a sharpening of it via a
different method.

THEOREM (2.4). If G is a [Z])-group then L,(G) is strongly semisimple.

Proof. Let g € #, and fe st. rad. (L,) (strong radical). Denote (f* g) * (f* g)~
by ¢. Since st. rad. (L,) is a 2-sided (and therefore left) ideal, it contains . It follows
that ¢# est. rad. (L;) N Z(L,). By Theorem (1.5) of [22] (which applies to any
locally compact group) we have ¢#=0 a.e. On the other hand, since fe L;, and
ge#,<L,, we know that f*g belongs to &, N L;; but then so does ¢, by
Lemma (2.3). It follows from Theorem (1.1) of [9] that ¢# € %, and therefore
¢*=0 on G. In particular,

(1) = fm (1) dt” = p(1) = | g3 = 0.
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Hence f* g=0 a.e., so that || f* g |, =0. Now choose an approximate identity {g,}
from %,,. Then | f—f* g,|; — 0. The triangle inequality implies that | f];=0.

3. A characterization of [MAP]-groups and uniqueness theorems for Fourier
transforms. In §2 we showed that the group algebra L,(G) of a [Z]-group is
strongly semisimple. The definition given below introduces a stronger type of
semisimplicity in terms of a new radical.

DErINITION. If A4 is a Banach algebra, fin. rad. (4) is the intersection of all
regular maximal 2-sided ideals of finite codimension. (In the case of a *-algebra
one can use *-ideals for the definition of the finite radical.) We shall call 4 finitely
semisimple if fin. rad. (4)=(0).

THEOREM (3.1). Let G be a locally compact group. Then its group algebra L,(G)
is finitely semisimple if and only if G is an [M AP]-group.

The proof of Theorem (3.1) will be given presently. We first recall some facts
about the Fourier transform. Let p be a continuous unitary representation of the
locally compact group G on the Hilbert space V. Then T,(p)=[f(x)p(x) dx
(operator-valued integral) defines a bounded operator on V, for each felL,,
which is characterized by {T;(p)(v), wp =[¢ f(x){px(v), w> dx for v, we V. In fact,
IIT(p) I = I f]l:» and T(p) is a nondegenerate continuous *-representation of the
*.algebra L, on V. Moreover, one has T; _.(p)=p(x)T/(p), for x€ G, feL,.
Conversely, to each nondegenerate continuous *-representation L corresponds a
unique p as above whose Fourier transform T(p)=L. The commuting algebras of
p and T(p) are equal so that irreducibility and equivalence occur simultaneously
for p and T(p). We shall also have occasion to define T,(p) where p is a finite
regular Borel measure on G (not necessarily positive). This is done in a similar way,
ie., Tu(p)=[ p(x) du, and gives rise to a representation of the measure algebra
M(G). If p is absolutely continuous with respect to Haar measure then this
evidently coincides with the Fourier transform on L,. For a full discussion of the
foregoing see [13] and [16].

In the case p € #4,(G) and G is an [MAP]-group, by taking the trace, we define
another type of Fourier transform which will be especially useful when considering
central functions; namely, f~(p) =tr (T/(p)). As we shall see, the relation (f,-1)"(p)
=d; %, (x)f"(p), for fe Z(L,) and x € G, follows from the above together with
the proof of Corollary (3.3).

As is known, one has, for an arbitrary locally compact group G, a uniqueness
theorem for the Fourier transform: If fand g € L, and Ty(p) =T,(p) for all p € Z(G),
then f=g a.e. More generally, if u, ve M(G) and T,(p)=T\,(p), for all p € Z#, then
p=v. In the case of an [MAP]-group one can sharpen this result as follows.

THEOREM (3.2) (UNIQUENESS THEOREM FOR THE FOURIER TRANSFORM). Let G be
an [MAP]-group and p,ve M(G). If T,(p)=T«p), for all p € Xs(G), then p=v.
In particular, this holds for functions in L,.
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Proof. Since p—v € M(G) and T(p) is linear we may assume that v=0, i.e., that
{ p(x) du(x)=0, for all p € %y, and show u=0. We first do this in the case G
compact as follows(®). The linearity of [ du shows that,

) f r(x)du(x) = 0

for all r e &, the algebra of representative functions associated with p € %,,. By
the Peter-Weyl Theorem this implies that (i) holds for all fe Z. If we write
dp.=hd|p| where ||h|,=1 and d|u| is a positive regular measure (see W. Rudin,
Real and complex analysis, McGraw-Hill, New York, 1966, p. 126) then, since %,
is dense in L,(|u|), we have [ fhd|u| =0, for all f€ L,(|n|). This shows that |||, =0
or else |u|=0. Thus p=0.

Returning to the general case we have u € M(G) and assume that [ p(x)du(x) =0,
for all p € Zy,. As above this implies that (i) holds for all r e %. Let «: G — G©
be the imbedding of G into its Bohr group. For ¢ € £(G?), define L(p)={, po du.
Since ga is continuous on G it is du-integrable. Moreover, since |L(p)| < |u|| |l¢l ¢
for all ¢, L is a bounded linear functional on %(G%). By the Riesz theorem, there
exists a u® € M(G®) such that

~

. det = e,
(ii) Jcaqv Iz faw I

and so that ||L| =||u®| < ||u|. By the regularity of d|n?|, Z(G*) is dense in L,(|u?|),
and therefore (ii) holds for all ¢ € L,(|x?|) and in particular for g, the characteristic
function of a Borel set B< G®. Now, since pgze=g,-14, (ii) shows that

(iii) p*(B) = p(a™*(B)).

Here «~1(B) is a Borel set in G since « is continuous. Now let ¢ € %(G%); then there
exists a unique r € Z(G) satisfying r=r"e. Thus [ r* du®=|, rée du=[, r du=0.
Since G* is compact this means u*=0. It follows from (iii) that u(¢~1(B))=0, for
all Borel sets B< G°. Let F be a compact set in G; then «(F) is compact and hence
a Borel set. This means that u(e™*(«(F)))=w(F)=0, because « is injective. By
regularity we find that u=0.

Proof of Theorem (3.1). Let G be an [MAP]-group and pe %,,. Then the
Fourier transform T(p): L; — M,,(C) is a finite-dimensional irreducible *-repre-
sentation of L;. Since T(p) is nondegenerate, it is nontrivial. Thus T(p)(L,) is a
nontrivial irreducible subalgebra of the matrix algebra M, (C). By Burnside’s
Theorem (N. Jacobson, Lectures in abstract algebra. 11. Linear algebra, Van
Nostrand, Princeton, N. J., 1952, p. 276), T(p) is surjective. It follows that

Ly/Ker T(p) = M,,(C).
(®) In the case of a compact group the uniqueness also follows from the general result

quoted above together with the fact that #£ coincides with %#y,. Similarly, uniqueness also
follows directly for [ Z]-groups via Theorem (2.1) of [9].
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Since M, (C) is a simple algebra with identity, Ker T(p) is a regular maximal
2-sided ideal whose codimension is evidently d2. Since T'(p) is a *-homomorphism,
this ideal is even *-stable. We complete the proof by observing that

M {Ker T(p) | p € Zan} = (0),

by Theorem (3.2).

Conversely, let G be a locally compact group and suppose fin. rad. (L,)=(0)
(where, for the moment, we do not regard L, as a *-algebra). Let p denote the left
regular representation of G on L, and I a closed left ideal. Since I is a p-stable
subspace this induces an action x — (p;), of G on L,/I. This representation is
uniformly bounded and strongly continuous. In particular, if /is a regular maximal
2-sided ideal of finite codimension the representation x — (p;) is a finite-dimen-
sional uniformly bounded representation of G. If x € G and (p;),=identity, for
each such I, then, for fe L,, we have (o) (f+I)=f+I=f.+1 Thus f—f.€l,
for all such I; i.e., f—f, € fin. rad. (L,)=(0). Since f is arbitrary and p is faithful,
x=1; thus the finite-dimensional continuous uniformly bounded representations
pr of G separate the points. Let I be fixed and consider p/(G). This is a bounded
subgroup of Gl (n, C) where n=codimension of I, and hence its closure is a
compact subgroup. It can therefore be conjugated into U,(C), a maximal compact
subgroup of Gl (n, C). This means that p, is boundedly equivalent to a finite-di-
mensional continuous unitary representation o; of G, for each I. If o;=identity, for
I, then (0,),= Bi(p;).Bi * for x € G, so that (p;),=id, for all I, and therefore x=1.
Thus the finite-dimensional continuous unitary representations separate the points
of G and therefore, by semisimplicity, so do their irreducible components. i

As a corollary of the above results we get a uniqueness theorem for the Fourier
transform of a central function.

COROLLARY (3.3). Let G be an [MAP]-group andf, g € Z(L,(G)). If "~ (p)=8"(p),
for all p € #:.(G), then f=g a.e.

Proof. By linearity we may evidently assume g=0. As was shown above,
T(p): L, — M, (C) is surjective. This implies that since T(p) is an algebra homo-
morphism, T(p)(Z'(L,))<= Z(M,,(C)). Because the latter consists of scalar multiples
of the identity, T,(p)=A,l,,, so that f"(p)=A,d,. This means A,=0 and therefore
T/(p)=0, for all p. The result now follows from Theorem (3.2). |

We conclude §3 with two examples. Example (3.4) illustrates the fact that a
group may have a finitely semisimple group algebra but have infinite-dimensional
irreducible unitary representations and Example (3.5) shows that, in general, the
finite radical is larger than the strong radical.

ExAMPLE (3.4). Let G be the discretely topologized free group on finitely many
generators. As is well known, G is residually finite [Kurosh, Group theory, vol. 1I]
and therefore in [MAP]. Hence, by (3.1), it has finite radical (0). On the other
hand it must have infinite-dimensional irreducible unitary representations; for if
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not, then G would be of type I. A theorem of Thoma [26] would then show that
since G is countable and discrete, it has a normal abelian subgroup of finite index,
an evident impossibility for a free group. ,

ExAMPLE (3.5). Let G be the group defined in Example (5.10) of [11]. There
we showed that G is not an [MAP]-group. Hence, by (3.1), fin. rad. (L,(G))# (0).
On the other hand, since G is a discrete [FC]-group, L,(G) is strongly semisimple(*).

4. The Plancherel Formula for [Z]-groups. Since the canonical map A: %(G)
— Z” is surjective this gives a partition of #(G) into the disjoint union of non-
empty sets A~*(x), for x € Z". %(G) is the space on which the Plancherel measure
pp lives.

THEOREM (4.1) (THE PLANCHEREL THEOREM). Let G be a [Z]-group and f, g€ L,
N Ly(G). Then

Sor= [ T 4uanE
Z~ ped-1(xn)

where [,,. dy is Haar measure on Z". That is, for each x in Z", except for a set of
measure 0, the function p — d, tr (T/(p)T,(p)*) defined on A~*(x) is O except for
countable many p’s and is absolutely summable. The resulting function on Z" is in
L\(Z") and its integral equals {f, g>.

Thus the Plancherel measure is defined as follows. A subset E of %#(G) is summable
if the function y — card (E N A~Y(x)) is in L,(Z"); and then

pni(E) = LA card (E A A-1(x)) dy.

As will be shown, the result generalizes and unifies in a natural manner the
classical Plancherel Theorems for compact and abelian groups (see Naimark [21,
p. 436 and 414]). Although, in a sense, there are more general results known,
namely for [SIN]-groups (Godement [6]), or even for arbitrary unimodular groups
(Sunouchi [25]), as well as (Segal [23]) for locally compact separable unimodular
groups, the first two results quoted above are given in the following form: If
f,g€L; N Ly, then

Se> = [, @O ),

for some unique measure u on %(G) (or a set in bijective correspondence with
Z(G)), where tr is a generalized trace appropriate for infinite-dimensional repre-
sentations. The measure p is called the Plancherel measure. As remarked above,
the virtue of our result is not that of great generality but rather that it gives an
explicit description of the Plancherel measure in the case of a [Z]-group. Here,

(*) This fact was recently proven by R. Mosak and will appear in his doctoral dissertation
(Columbia University).
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2(G) consists of only finite-dimensional representations and the trace is the usual
one. At the moment the explicit description seems to be important in Corollaries
(4.5) and (4.6) below, although the former result probably holds in greater generality.
Also in [25] and [23] the unity with the classical compact and abelian theory seems
to be largely lost. Our methods are very much in the spirit of, and depend on,
compact and abelian group theory. They do not explicitly use the notion of direct
integral, square summable vector field etc. and therefore can be considered more
elementary than the above. Another Plancherel Theorem, for CCR-groups, due to
Kaplansky (proof unpublished) is quoted in [17, p. 405]. Its form and scope is
analogous to that of [6], for the case of [SIN]-groups. As above, because of the
generality achieved, the measure is not given explicitly.

A word about normalizations seems appropriate here. The Haar measures on
G, Z, G/Z are arbitrary except for normalizations [, ,=1 and [;=[s, [,, thus
giving one free parameter, [, say. Since [,. is determined by [, and the abelian
Plancherel formula, p,, is also determined only up to a constant. Of course, if one
did not want the factor d, to appear in the formula this could be absorbed by not
using counting measure. The formula would then be of the type mentioned above.

Before giving the proof of (4.1) we require some preliminaries. In what follows
G will always denote a [Z]-group and y a fixed character in Z™.

DEFINITION (4.2). If f, g € #(x) then, clearly, fg~ is a measurable function on
G/Z. Let F(x)o={f|f€ F ), [z | /(x)|? dx’<o0}. Then F(x), is a linear sub-
space of F(x). For f, ge F(x)s, we write {f, g>,=[s, /8~ dx" (which exists).
With this definition of inner product and suitable identification, #(x), becomes a
complex Hilbert space. We denote its norm by | f],.

If fe #(G) N F(x) then |f|? is a continuous function on the compact group
G/Z and therefore | f|%< 0, so that #(G) N F(x)=Z(x)s. In fact,

1713 = [ 17z ax = [ weal s a,

by Theorem (1.2) of [9]. The latter is =< | f]|2ppw [ W(x) dx < | f|% since this last
integral is 1. Thus | f||,£ || f]¢ <0, for all fe Z(G) N F(x).
Next we define a Fourier transform with respect to y. Let fe L, N Ly(G); then

P(NX)=(£)"x)=[,fL2x(z)~ dz, x € G. Now P,(f) € F(x), for all fe L, N Ly.
For z; € Z, we have

PANGE) = [ fusX@ dz = | Sz dz
= f F@x(z D)~ dz = X(Z)PL)).

Thus we have a linear operator P,: L, N\ L, — F(x). We show that P(Z,(G)) is
contained in Z#(x) N Z(G) and, in particular, in Z#(x),. To see this, let x, € G,
U, be a fixed compact neighborhood of 1, and £>0. Choose a symmetric neigh-
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borhood U< U, of 1 satisfying |f(x)—f(p)|<e if xy~te U. Let xxg' e U and
z e Z. Then (xz)(xoz) " € U, so that | f(xz) —f(xo2)| <& for all z € Z. Since | fr—fx,|
S| fel +1fx| and suppfi=t~'suppf, for all t€ G, we have supp |fi—fx|zS
(x~1supp f U x5! suppf) N Z. On the other hand, U is symmetric, so x~* € x5 U
and therefore x~! supp fSx; U supp fSxg U, suppf. Hence supp |fi—/fxlz
S (x5 Uy suppf) N Z, a fixed compact set K in Z. Now

PG -PUNE0| S [ 1)@ de S eua)

if xx5* € U. Thus P,(f) is continuous on G.
Let fe #,(G) and g € #(x),. Then (see [16, p. 131])

[ o ax = [ | socpen) dea = | g6 ([ fexomta)- dz) ax

= <Px(f)9 g>x~

Now suppose {P,(f), g>,=0 for all fe % (G) and fixed g € F(x),. Then we have

(i) [¢f(x)g(x)~ dx=0 and

(i) Jorz 182 dx =[5 w(x)| g(x)|2 dx < co.

Let dv=w dx. Then dv is a regular positive Borel measure on G and therefore
Z.,(G) is dense in Ly(v). Equation (ii) says that g € Ly(v). If f'is in & (G) then so is
wf, so that (i) shows [ w(x)f(x)g(x)~ dx=0,i.e.,{f, g>=01in Ly(v), for all f € Z (G).
It follows that g=0 a.e. in v, i.e. [¢ W(x)|g(x)|2 dx=| g|2=0. Since P(Z(G)) is a
linear subspace of #(x), this implies that it, and hence also F(x) N %(G), is
dense in F(x),.

In light of the foregoing discussion we may reinterpret our previous results as
follows:

THEOREM (4.2). The set {d}'%p;;|i,j=1,...,d, pe X~ (x)} is an orthonormal
basis of F(x)s-

Proof. As was proven in [9], these functions are in %#(x), and are orthonormal.
By the above, if f'€ #(x),, there exists a g € #(x) N %(G) such that | f—g]|,<e.
By Theorem (1.2), we can find r € #(x) so that |g—r|s<e. Hence |g—r|,<
lg—r|lc <e and therefore | f—r|,<2e.

REMARK. It follows from the above that ¢ the induced representation of
X €Z” to G, decomposes into 2 ,ex-1¢y P d,p on F(x),. That is, x¢ is the orthog-
onal direct sum of finite-dimensional continuous irreducible unitary representa-
tions of G. Each p occurs (up to equivalence) d, times if p € A~!(x), and otherwise
does not occur. (In the case of separable G, this follows from a Frobenius Reciproc-
ity Theorem of Mackey [19].) To see this, note that for p € A=(x) the space R(p)
spanned by {p;; | i, j=1,...,d,} is a d2-dimensional, translation (i.e. x)-invariant
subspace of #(x), and that #(x), is the orthogonal direct sum of {R(p) | p € A~(x)}-
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It is easy to see that tr (X®)r,)(¥) =d,x,(x), for x € G. Since (x%)z(, is a finite-
dimensional unitary representation, its semisimplicity yields

T

Dr(*x) =‘§i @ moy(x)
where the o, are irreducible and unequivalent and each o; occurs with multiplicity
n;. Hence 37_; nix,(x)=d,x,(x). It follows from the theorem of Frobenius and
Schur [9] that r=1, o, =p and n,=d,. Thus x5=3 cr-10p D dop. 1
Before stating the next result we define a #-operator on #(x). as follows: If
fe F(x)z then fA(x)={,, f(yxy~1) dy’, for x in G. If ze Z, we have

fHzx) = fmz Sy dy = [ SOy dy = L/z Fxy=)x(@) dy
= x@fH(x).

Moreover,
= ([ 1eeas)” = [[ ][ somay

= [J‘a/z (fa/z /Geyx0) dy')2 dx’] m.

By Minkowski’s integral inequality [2, p. 530] we can estimate the latter term by
ez ez | f(pxy~1)|2 dx' 12 dy’. From unimodularity it follows that the inner
integral equals |f|2, so that | f#|,=|f|, Thus # is a bounded linear operator
F()2 = F(x)2, of norm =1, whose range is evidently F(x); N %. In fact, if
feF(x)e N Z, then ff=fa.e.

By Corollary (1.3), % N F(x)=%,. Moreover, Theorem (1.1) of [9] shows that
FicF, NF, Thus (F.NF)IcF NZ. It follows that (F(x); N F)*<
F)eNFNZ.

COROLLARY (4.3). {x, | p € A=%(x)} is an orthonormal basis of #(x)2 N F(G).

2 1/2
dx']

Proof. The results of §1 show that these functions are in F(x), N &, and are
orthonormal in F(x).. Let fe F(x): N & and choose g e F(x); N % so that
|f—gl;<e. Then (f—g)f=f#—g#=f—g* By the remarks above, g¥ € F(x) N %
N %, On the other hand, |f—g#|,=<|f—gl|.<e. Using Corollary (1.4), choose
=Sk CXo*s PFER, ¢ €C, so that |p—gt|g<e. Then [p—g#| < [p—gtlo<e
and therefore |p—f|,<2e.

Proof of the Plancherel Theorem. Let f, g€ L, N Ly(G). Then fg~ €L,, and
therefore, by [16, p. 131], we have <f, g>=[, [, f(x2)g(xz)~ dzdx’, f, and
8. €L, N Ly(Z), and the inner integral exists for almost all x. By the Plancherel
Theorem for abelian groups we have

[ 1@ dz = [ o™
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Since
(i) ge>=[ | PPN dydx

is convergent and (x, x) — P,(f)(x)P(g)(x)~ is a function on Z" x G/Z we have,
by the Fubini Theorem,

@) o> = [ PP .

We note that P,(f) (and P,(g)) are in #(x),. This follows from (iii) together with
the Fubini Theorem if one takes f=g.
Since {d}/?p;; | p € A~(x)} is an orthonormal basis of #(x),, Parseval’s equation
tells us that
(P, Pe)> = 2 CPLS), B32pi> PL8), A3 %pip)s -

peA =101 =1,...,dp

Now

P B0y, = [ PR ) dx
=i [ ([ sew@ defo)- ax

which equals d'2 [, [, f(x2)pi(xz)~ dz dx’, because p e A~*(x). Since the latter
equals d'2 [, f(x)pi(x)~ dx, it follows that

L7)

dp
D, (PN, d2p> P(R), d¥Pp>7 = d, ;zl Ti(p )T P )is -
i,/=1 i,i=
This equals d, tr (Ty(p~)T,(p~)*), where p~ is the irreducible unitary representation
conjugate to p. Hence
) PN PR = 2. dpm tr (THp )To(p7))

pEA1(x)

Equations (iv) and (v) give the Plancherel Formula with p~ in the place of p.
However, since (p7) " =p, Mp~)=A(p)~ =A(p) "%, the unimodularity of Z implies
that the Plancherel Formula as stated in Theorem (4.1) holds. |

By using the Fourier transform f"(p), we get a specialization of our result for
central functions, as follows: As in §3 we see that, for fin Z(L,) and p in £,
Ti(p)=Xp, /), Thus, if £, g € Z(L,), then T/(p)To(p)* = Xp, /)Np, &)~ I4,, s0 that
d, tr (TH(p)To(p)*)=d3X(p, )Np, &)~ But f"(p)=Xp,f)d,; and since a similar
equation holds for g we see that, for each p,

dy tr (T(p)To(p)*) = f~(p)g"(p)".
This gives
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COROLLARY (4.4) (THE PLANCHEREL THEOREM FOR CENTRAL FUNCTIONS). Let f
and g belong to Z(L,) N L,. Then

Gor=[ (3 reee )
22 \per-Lp)

The Plancherel Theorem (and its corollary for central functions) generalize and
unify in a natural way the compact and abelian theorems: If G is abelian then
d,=1 and f"(p)=T(p), for all p. Moreover, Z=G and #(G)=Z" so that A is the
identity map. Thus A~(x)={x}, for x € Z~. Writing x instead of p, in (4.4), we
have 3 ca-1 " (x)g"(x)~ which simply reduces to f"(x)g"(x) . Thus if

f,8eZ(L)NL,

ie., Ly N Ly, then <f, g>=[c~f"(x)g"(x)~ dx. If G is compact this is equivalent to
Z being compact or, alternatively, Z~ discrete. Thus Haar measure on Z” is
counting measure and the Plancherel Formula becomes

Se>=2 2 dtu(T(ATL)).
X€Z~ peA—1(x)
This absolutely convergent sum can be rearranged in an arbitrary way. Since %(G)
is partitioned into the disjoint union {A~(x)},ez~, We get

Sgd>= 2 dte(TUATp)Y.
peR(G)
These are the Plancherel Formulas of abelian and compact group theory, respec-
tively. |
The explicit formula for the Plancherel measure enables us to prove the following
result.

COROLLARY (4.5)(%). Let G be a [Z]-group, p,, the Plancherel measure and x, a
fixed character in Z™. If A=(x,) is open in Z(G) or, more generally, if A~(xo) has
positive Plancherel measure, then G is compact (and conversely). In particular, if
tnlpo) >0, for any p, € #(G), then G is compact.

Proof. If A~(x,) is open then u,, (A~ *(xo)) >0, by regularity. However,

(A~ x0) = card (4600 | 9000 d

Unless pz+(x0) >0, pu(A~(x0)) =0, a contradiction. Therefore, pz+(xo) >0, and Z™
is discrete. Thus Z, and therefore G, are both compact. ||

For a [Z]-group G, we have shown in [9] that the function w € #}(G) has the
following properties:

(®) The topology on #(G) as well as the regularity of the Plancherel measure will be
discussed in §5 and especially in §6.
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i) f WP (Dpe(X)™ dx = d; 8,8, (o R(G)),

(vid) J'G WP (Jou(x)- dx =0 (p, o€ R(G), p # o, but Ap) = A(0).

It might be thought that, in addition, w satisfies

(viii) J; WP (X))~ dx = 0, for all p and o € Z(G),

where p+#a (as is true in the compact case). The following result shows that this

never happens unless G is compact.

COROLLARY (4.6). Let G be a [Z]-group and w be an element of %, (G). If w
satisfies (vi) and (viii) then G is compact and w=1. Conversely, it is a classical fact
(and our results imply) that, in the case of compact G, (vi) and (viii) hold for w=1,
and only for this function.

Proof. Let peZ and p;; be the coordinate functions with respect to some
orthonormal basis. Then (wp;;)~™ € %,,. If 0 € # and o# p then

Tewnp~(0) = [ (0p1)(x)o() ds = 0, by (vii).
On the other hand,

(T(wé,,)‘(P))kx = d,8,8; by (vi)
and therefore

do
(T(wou)‘(P)T(wou)’(P)*)kz' = z d; 28,838, = d, 28y,
=1

so that
tr (Twpiy~(P) Tewnip - (0)*) = 2 d; 283, = dj 2.
k

Also
tr (T(wou)'(o)T(wpu)"(a)*) =0, foro # P-

By the Plancherel Theorem we have

Iweis13 = (weiy)~ |13 = fg d, tr (T<wou>‘(0)T<wou>'(0)*) Aun(0) = dod; un(p).

Thus py(p) =d,|wpy|3. In particular, for p=1, we have u(1)=|w|%> 0 unless w is
trivial. On the other hand, (vi) shows that w is nontrivial. We conclude from Corol-
lary (4.5) that G is compact, and thus (for the normalized Haar integral) we have
fg Pif(¥)oia(x)~ dx=0, for ps#o. Therefore [ (W(x)—1)p(X)or(x)~ dx=0, for
p#oa, by (viii). Letting =1, we conclude T, _,(p)=0, for all p#£1. Also, T,,_,(1)
=[(w—1)dx={;wdx—u(G). Since p is normalized, and [w dx=1 follows from
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(vi), we conclude T, _,(1)=0. Therefore, by the Plancherel Theorem, |w—1|3=0.
Since w and 1 are continuous, w=1. ||

We conclude the section with the remark that the Plancherel Formula and
Corollary (4.4) give alternative proofs of the results of §3 in the case of [Z]-groups.

5. Equivalence criteria for finite-dimensional unitary representations. We now
study the possibility of generalizing Theorem (6.2), and its corollary, of [9], from
[Z]-groups to arbitrary locally compact groups (in fact arbitrary topological
groups) as well as the possibility of strengthening this result. It has been pointed
out to us orally by J. Alperin and J. Thompson that this can be done for finite
groups. Their result is contained in the following theorem valid for arbitrary
topological groups. Moreover the constant 4/2 of the result in [9] referred to
above can be replaced by 4/3 which, as was remarked in [9], is in any case best
possible. In addition the conclusion holds for arbitrary finite-dimensional con-
tinuous unitary representations, not just irreducible ones.

THEOREM (5.1). Let G be any topological group, p and o finite-dimensional con-
tinuous unitary representations of G satisfying d,=d, and |x,—x,|lc<+/3. Then p
and o are unitarily equivalent.

Proof. First assume G is compact. As is well known, the conclusion holds iff
Xo=X.- We may therefore assume G is abelian; for if x € G and H=[x] then H is
compact abelian, py and oy are as above i.e., d,,=d,, and |x,, —Xoullx<+/3.
We conclude from the abelian case that x,,=x,,. In particular x,(x)=x,(x).
Since x is arbitrary, x,=x,, and the result would follow. Hence, let G be compact
abelian and decompose p and o into irreducible linear characters. By allowing the
multiplicity to be 0 we may assume the same set of characters occur in each; i.e.,
p=21-1@ nix; and o=3i_, @ mx, where x,, ..., x, are distinct elements of G™
and m; and n, are nonnegative integers. Then x,—x,=2:(m—m)x; so that
3> |Ixo—xo 122 lxo—xsll3=2s (m—m)?, by the orthogonality relations. Since
S:(m—my)? is an integer, it follows that it is =<2; which, in turn, implies that
(ny—m;)? <2, for all i. That is |n,—m,| is O or 1. Since our task is to show n;=m,,
for all i, we may ignore i’s for which |n,—m,| =0. By the above, the number of i’s
for which |n,—m,| =1 s at most 2. Thus we may assume r <2 and that |n, —m,| <1
and |n,—m,| < 1. That is, x,=nx1 +NaXa, Xo=M1x1+Max2. Since x,(1)=x,(1) we
know ny+ng=m;+my. If |n;—m,;|=0 then n,=m, and, by the above, ny=ms,.
Similarly, if |n,—m,|=0. Thus it is sufficient to assume r=2 and |n,—m|=1=
|n;—m,| and get a contradiction. Suppose n,>m;. Then n,—m;=my—ny,=1,
and we have x,=(my+1)xy +(my—)xs, xo=mix1+maxz. Hence x, —xo=x1—xa-
That is, |x;—x2ll¢<+/3. Since x; and x, are distinct the proposition of §6 of [9]
provides a contradiction.

This proves the theorem if G is compact. Now let G be any topological group
and «: G — G® be the canonical continuous homomorphism into its Bohr group.
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As is well known, p and ¢ induce finite-dimensional continuous unitary repre-
sentations p® and ¢ of G* such that p®a=p and ¢*«=0. Moreover, y,«a=yx, and
Xo"¢=X,. Thus d,s=d,=, and since «(G) is dense in G%€ |x,= —x,*[l¢= <+/3. Hence
p® and ¢* are unitarily equivalent. It then follows that p and o are also.

COROLLARY (5.2). Let G be a [Z])-group and X: #(G) — Z" be the canonical map.
Let Z(G) be topologized by the compact-open topology on X(G). Then, (1) for each
X €Z", the set X~ Y(x) is closed in #(G) and discrete in its relative topology, and (2)
A(G) is a Hausdorff space.

Proof. Since A is evidently continuous and Z™ is a T;-space, A~*(x) is closed.
Let G=UZ where U is a compact neighborhood, ¢>0, and suppose p, — p where
py and p are in A~1(x). For v sufficiently large, we have |x, —x,|v <e. Let x=uz.
Then x,(uz)=A,(u)x,(2), for any ¢ in Z#. Hence, since A(p)=A(p,) and |A,(2)| =1,
we have |Xo(x)_va(x)l = IXo(u)_Xov(u)l’ so that "XD—XWHG= "Xn"Xop" v<e Ifeis
sufficiently small then (1) follows from Theorem (5.1).

If p; and p, are distinct elements of # and if A(p;)# A(ps) the facts that A is
continuous and Z” is a T,-space imply that p; and p, can be separated by disjoint
neighborhoods. Thus we may assume A(p;)=A(py). Let ¢ and U be as above and
W(U, p;, e)={0 | 0 € Z(G), || xo—xp,/lu<e} for i=1,2. Then each W(U, p;, ¢) is a
neighborhood of p;. We show that they are disjoint, for ¢ sufficiently small. If not,
then |x,—x,/v<e, for i=1,2 and some oeZ(G). Therefore |x,,—x,,|uv<
X0, = Xoll v+ [ Xo — Xpall v < 2¢. Since A(p,)=A(pz), we conclude from (1), by taking
¢ sufficiently small, that p, =p,, a contradiction. |

We shall see (5.2)(2) in another way in the next section where the topology on
Z(G) is studied in detail. Since we show in §6 that p — d, is continuous it follows
that the topology of uniform convergence on compacta of normalized characters
is the same as that of the characters themselves. For if x, — x, uniformly on
compacta then in particular x, (1) — x,(1). Therefore d, — d, and hence y, /d,,
—> X,/d, uniformly on compacta. On the other hand if x, /d,, > x,/d, (c.0.) i.e. if
py— p in %(G) then d, — d, by continuity. Therefore x, — x, (c.0.). Thus it
follows that the W(U, p, ¢) in the above are neighborhoods of p in Z(G).

Next follows the formulation of some equivalent conditions.

DEFINITION (5.3). Let G be a locally compact group and ¢ > 0. We shall say L,(G)
is abundant of type c if for each pair of nonequivalent finite-dimensional unitary
representations p and o of G there is an fe L,;(G), with ||f|,=1, such that

I/ () =) 2 e

We illustrate this notion with the following remark where we restrict the repre-
sentations in the above definition to be irreducible and G to be abelian. This
method, which is a slight modification of that on p. 416 of [21], only works under
the above conditions and only yields the constant ¢=1. Theorem (5.5) will both
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sharpen and generalize this result. Let G be a locally compact abelian group, p
and o distinct characters. Then there exists an f with || f||; =1 such that

()=o) 2 1.

To see this let U be a compact symmetric neighborhood of 1 in G such that
pU N oU= 3. Then 0<u(U) <oo, where n is Haar measure on G™. Since ¢y and
@,u-1 are in Ly,(G™) there exist unique functions g and 4 in Ly(G) so that g"~ =gy
and A" =¢,y-1, by the Plancherel Theorem. Let f=gh. Then | f],=<|g|2]Al2
lglla=llpulla=w*V), and ||h]z=|g,u-2]2=p*(pU ~?)=p**(U) since p is Haar
measure and U is symmetric. Hence || f||; <u(U). On the other hand, f~=g" x i~
=@y * p,y-1. Since U is symmetric we have, for y in G*, py(yx~)=¢,u-1(x), so
(P * @ov~-)X) = J g Py (X)Pov - 2(x)dp(x). Thus () =pu(yU N pU). In particular,
S ()=w(U)>0 and f"(0)=0. Therefore |f~(p)—f"(o)|=p(U)Z|f|:. Since
S (p)>0, || f]l.>0, one obtains the result normalizing f. |

Before stating the next theorem we require the following:

LeEMMA (5.4). Let p be a positive regular Borel measure and f a continuous bounded
complex function on the locally compact space X. If ||f|x>c>0 then there is a
compact neighborhood U in X such that [, |f|?duZc [, |f| du>0.

Proof. Let ¢ be any number satisfying 4(|| f||x—c)>&>0. Then |f|%3—c|flx
22¢| f|x. Since (| fllx—2)*2 | /1% —2¢] ] x we have

@) c|flx = (1flx—2)
also, evidently, | f|x>e. Choose an x, € X so that || f]|x—¢/2=|f(x0)| = | f] x and,
by continuity, a compact neighborhood U of x, so that ||f(x)]—|f(xo)| | £
| f(x)—f(xo)| <¢/2, for x € U. Then we have |f|x—e=|f(x)|=|fllx, in U. Since
¢>0and 0<pu(U) <0, it follows that

WO ls=o S [ 1717 ds < OISR

and

(U1 x—e)

IA

¢ [, 111 du = eIl
Since cu(U)(|| f]lx—¢) >0, to complete the proof it suffices to show that

rO)(Iflx—2* 2 ew(@)|f]x-
This is ().
The next theorem generalizes and sharpens the discussion above dealing with
the abelian case.

THEOREM (5.5). Let G be a locally compact group and 0<c<+/3. Then L\(G) is
abundant of type c. This result is best possible.
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Proof. Let p and o be nonequivalent finite-dimensional continuous unitary
representations. Then |x,—x,]¢=4/3, by Theorem (5.1). So 0<c < ||x,—xol¢- By
Lemma (5.4) there is a compact neighborhood U in G so that [, |x,—x.|? dx
2c [y |xo—xo| dx. Let f=py(x,—x,). Then fe L, ; in fact,

171 = [ Ito=xel s S o= xelat®) < 0

and

@@ = | [ F000) x|

= [ bo—xlrdx z ¢ [ ool ds = el

Since the lemma tells us that ||f]; >0, it follows that |g™(p)—g"(c)| = ¢ where
g=f]|f|. has L,-norm 1.

To see that the range ¢ < /3 is the best possible we show that proving the result
for any ¢>0 implies the conclusion of Theorem (5.1) for that c. The assertion of
Theorem (5.5) then follows from the fact that ¢ < 4/3 is best possible in the case of
Theorem (5.1).

Indeed, suppose there is for each pair p, o an L,-function f with ||f],=1
and | ())—f"@|zc. Then c=|fq /)~ xo()" dx| <[ flslxo—xolo=
lX»— xsll- Thus the hypothesis |x,—x.|l¢ <c is false and the assertion of Theorem
(5.1) is correct for that c.

In fact, we have proven that L,(G) is abundant of type c if and only if the
conclusion of Theorem (5.1) holds for that c.

COROLLARY (5.6). Let G be a connected locally compact abelian group and
0<c<2. Then (1) if x, and x, € G™, and | x,—xa| ¢ <c then x1=xz; (2) if X1 and x,
are distinct then there is a function f with | f|l;=1 such that | f"(x)—f " (x2)| 2 ¢;
(3) the range c<2 in (1) and (2) is best possible.

Proof. (1) was proven in §6 of [9] and ¢ <2 was shown to be the best possible
result. The remaining assertions follow from the remarks made above.

As is well known, the map p — T(p) which assigns to each continuous unitary
representation (actually equivalence class) its Fourier transform is injective even if
p is infinite-dimensional. We observe that in the finite-dimensional case the same
is true of the transform f"(p) defined in §3.

COROLLARY (5.7). Let G be any locally compact group and p and o continuous
finite-dimensional unitary representations of G. If f~(p)=f"(o) for all f in L,, then
p and o are unitarily equivalent.

DEFINITION (5.8). Let ¢>0 and {A,,..., A} and {uy,..., u,} be 2-sets of (not
necessarily distinct) numbers on the unit circle. Suppose the inequality

r
D N—p
i=1

<c¢ forallnin Z,
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implies that, after reordering of the indices, A,=p,, for all i. Then we shall say we
have a solution to the eigenvalue problem of type c.

THEOREM (5.9). If 0<c<+/3 then the eigenvalue problem has a solution. This
range of values is best possible.

Proof. If A is on the unit circle then the map n — A" is a character of Z which
we denote by x,. Let p=37_; @ x», and o=3]_; @ x,,. Then p and o are continuous
unitary representations of Z of degree r and, evidently, x, =271 Xap» Xo=2i=1 Xus-
Thus

Ixo—Xollz = lub Sec<i

2 N-2 u
It follows from Theorem (5.1) that p and o are unitarily equivalent. Since
{xaJi=1,...,rand {x, }i=1, .., are the irreducible components and are 1-dimensional,
after permutation of the u; we have y, (n)=x,(n), for all n and i=1,...,r. One
obtains the result by taking n=1.

We prove that this result is best possible by showing that, for any ¢>0, the
conclusion of (5.9) is equivalent to that of Theorem (5.1). The result then follows
from the fact that the conclusion of Theorem (5.1) is best possible.

Let G be a topological group p and o continuous finite-dimensional unitary
representations of G with d,=d,. Let ¢>0 and |x,—x,|¢<c. As in the proof of
Theorem (5.1), if x € G and H=<{x), then, evidently, p; and oy are unitary repre-
sentations of H, of equal degree, and |x,, —Xo,/x <c. By semisimplicity py=
2i-1 @ xi, ou=27-1 P & where y; and ¢, are characters of H and

Z (%) —Z &) < ¢,

for all n, so that |37_; (xi(x))"—(&(x))"| <¢, for all n. By the definition above,
xi(x)=§&i(x), for all i, after suitable reordering. Hence y,(x)=x,(x). Since x is
arbitrary, y,=yx,, and therefore p and o are unitarily equivalent.

COROLLARY (5.10). Let A and B be skew-Hermitian matrices of order r and suppose

lub  |tr (exp t4)—tr (exp tB)| < /3.

-0 <t<®

Then A and B are unitarily similar.

Proof. Let p(t)=exp (¢4), o(t)=exp (tB), t € R. Then p and o are continuous
unitary representations of R of degree r. The hypothesis tells us that |x,—x,|r
< 4/3. Therefore p and ¢ are unitarily equivalent; thus there is a unitary operator U
satisfying U exp (t4)U ~!=exp (tB), for all ¢ € R. Hence, for all ¢,

{eigenvalues of exp 14} = {eigenvalues of exp ¢B}.

If A,..., A and py,..., pu, denote the (nondistinct) eigenvalues of 4 and B,
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respectively, it follows that {eigenvalues of exp t4}={exp [tA;], ..., exp [tA,]}=
{exp [tp1]; - . ., exp [tu,]} ={eigenvalues of exp ¢B}, for all ¢. In particular,

{exp [A1], .. ., exp [A ]} = {exp [pi], . . ., exp [i]}.

Since exp is injective, {A;, ..., A}={us, . .., ur}. On the other hand, since 4 and B
are skew-Hermitian, they are diagonalizable by the spectral theorem.

ReMARK. This result also follows from Theorem (5.9); we actually need only
assume lub_ o <n < |tr exp (n4)—tr exp (nB)| <+/3.

6. The structure of the algebras L, and Z'(L,).

THEOREM (6.1). Let G be an [MAP)-group and Z(L,) be the center of the group
algebra. Then Z(L,) is a commutative semisimple *-algebra consisting of the central
Sunctions in L,(G).

Proof(®). By [15], G is unimodular. Hence the involution on L, is f~(x)=
S(x~Y)~. Also, Z(L,) has the description referred to in §2. Clearly, 2(L,) is a
closed subalgebra of L, which is v-stable and thus is a commutative *-algebra. If
@=yx,/d, where p € Zj,, then ¢ € L, and L,, the associated bounded linear function
on L; gives, on restriction, a bounded linear functional on Z(L,) of norm 1.
Moreover, since p=¢" and G is unimodular, we have

[ 16y st de = [ s e ds = [ 09709 d.

Thus L,(f~)=L,(f)~ and L, is a *-functional. Finally, for any f, g € L,, we have
d; 1 tr (Ty.(p))=d; * tr (T/(p)T,(p)). Now if f, g€ Z(L,), the proof of Corollary
(3.3) shows that T;(p)=A(f, p) and T,(p)=A(g, p)I. Hence

d5* tr (TAD)Tp)) = di* tr (T(p))d5* tr (T(p),
so that L,(f* g)=Lu(f)L.(g), for f, g € Z(L,), and {x,/d,: p € Rgn} give maximal
ideals. Corollary (3.3) tells us that Z'(L,) is semisimple.

We now begin the study of the maximal ideal spaces #(L,) and .#(Z(L,)).
Unless otherwise stated G will always denote a [Z]}-group.

LeMMA (6.2). (1) If feL,, @€ La, then [, fH(x)p(x) dx= [, f(x)¢#(x) dx. In
particular, if fe Z(L,), then L,(f)=L#(f), for each ¢ in L.

(2) If pyand o3 € L, and L, =L, on Z(L,) then ¢f=¢f locally a.e.

3 fprandp,e ZNnFHNF and L, =L,, on Z(L,) then p,=e,.

Proof. Taking into account the theorem on p. 131 of [16] we have
f FH)0(x) dx = J ( f w(t)f(txt =) dt)qo(x) dx
G G G

(%) For convenience, this result is stated for [MAP]-groups rather than [Z]-groups;
however, in the case of [Z]-groups the proof of (6.1) is, of course, self-contained. Actually the
statement of (6.1) is valid for arbitrary unimodular groups but we prefer the above formulation
due to the explicit description which can be given of a separating family of maximal ideals.
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where w is the weighting function. By the Fubini Theorem, the latter integral
equals [, w(t)(ff(txt ~*)e(x) dx) dt. By unimodularity this is

L w(t)( L SOt - 1xt) dx) ar.

On reapplying the Fubini Theorem as well as the fact that w can be chosen sym-
metric and that G is unimodular one obtains [ f(x)p*(x) dx.

(2) We may evidently assume ¢,=0. Thus L, (f)=0 for all fe Z(L,). By (1)
this means that L,#=0 on L,. Since ¢f € L, we have ¢f=0 loc. a.e.

(3) Since ¢, and g, € £ N £, ¢, =¢% and g, =¢4. By (2), ¢ =¢f loc. a.e. Thus
@1 =@, loc. a.e. Since these functions are continuous they are equal.

LeMMA (6.3). (1) Let pe £, N % and k(x, y)=p(xy)—p(x)p(y) be defined on
GxG. Then ke #, N %(G x G).

) If k is any function in F, N\ F(GxG) and fe L,(G) then the function h
defined by h(y)= [ f(x)k(x, y) dx is in Z, " Z(G).

(3) Let k be as in (2), y be fixed in G and hy(x)= |, k(x, tyt =*) dt*. Then h, €
Z N Z(G).

@ Ifkis asin(2) and [, [ f(x)g(¥)k(x, y) dx dy=0, for all f, g € Z(L,), then
faiz Jaiz k(sxs™2, tyt ~¥) ds’ dt"=0, for x, y € G.

Proof. (1) It is evidently sufficient to show the functions k,(x, y)=g¢(xy) and
ko(x, y)=¢(x)p(y) are in F, N F(GxG). Evidently, |kiloxc=|ele lkzllexe
< | ||2. The uniform continuity of k, follows easily from that of ¢ together with
the fact that ||p[ s <oco, while the uniform continuity of k; follows from that of ¢
together with the fact that G € [SIN].

(2) Clearly, |A|c=|f]ilk]exc- The continuity of 4 follows readily from uniform
continuity of k and the fact that | f]|; <oco.

(3) Since |h]|¢Z ||k] x> (3) follows from the uniform continuity of k.

(4) Let h be asin (2). Then [, g(y)h(y) dy=0, for allg € Z(L,) and he # N &,
It follows from Lemma (6.2) that ##=0, i.e. [, [ f()k(x, tyt ~*) dx dt'=0, for
all y. This equals [ f(x) [, k(x, tyt ~*) dt" dx. Let y be fixed and h, asin (3). Then
[of()hy(x) dx=0, for all fe Z(L,) and h, € %, N &%, By Lemma (6.2), #{=01in x.
Thus [, [¢z k(sxs™2, tyt~*) ds" dt" =0, for all (x, y) € GXG.

THEOREM (6.4). Let G be a [Z]-group. Then M(Z(L,)) coincides with %(G), the
set of normalized characters of p’s in Z(G).

Proof. The proof of Theorem (6.1) shows that, for each p € %, the function
Xo/d, gives a distinct point in #(Z'(L,)). For if

[ 769550 dx = [ a7 00

for all fe Z(L,), then it follows from Lemma (6.2) that x,/d,=x,/d,, since these
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functions are continuous and central. The theorem of Frobenius and Schur then
implies that p=o. Evidently, if p=y,/d, then |¢|c=1=|L,|.

Let L be a nonzero bounded linear functional Z2(L,) — C such that L(f* g)
=L(f)L(g), for all f, g € Z(L,). Then L extends, by the Hahn-Banach Theorem,
to AeL¥ so that there is a ¢ € L, satisfying A(f)= [, f(x)p(x) dx, for all fe L,.
In particular, L(f)= [, f(x)e(x) dx, for fe Z(L,), and we may assume L=L,.
Choose f, € Z(L,) for which L,(fo)#0. Then L,(g)=Lu(fo * g)/L.(fs), for all
ge Z(L,). But

O Lfor8) = [[A0ee )00 dx dy = [[£ierwixn) dx .

Thus if we let (»)=Ly(f5) ~* [ fo(x)p(xy) dx, we have

(i) Lo(g) = f gW(y) dy, forall ge Z(Ly).

On the other hand, by unimodularity, $=L,(f5) "(f3)¥ ~ * ¢), so that € £, N %,
[16]. By (ii), L=L,. By Lemma (6.2), L, = L,# and, by Theorem (2.1), |4#|s < | ¢-
Since §* is in £, N F, N F, we may assume ¢ is also. Using (i) and the fact that
L, is multiplicative we have, by the Fubini Theorem,

f SR )e(xy) —e(x)p(»)) dx dy = 0, for all f; g € Z(L,).

Let k(x, y)=¢(xy)—o(x)p(y). Then, by Lemma (6.3), it follows that k € #, N
Z(G x G). By (4) of Lemma (6.3), we have

J‘ (p(sxs™ eyt ~V)—(sxs Vp(tyt ")) ds’ dt” = 0, for all x, y.
GIZ JGIZ
Since ¢ is central and g,z is normalized, this yields

(iii) fm fm osxs=lyt ~1) ds’ di” = p(x)e(y).

But the left side of (iii) equals [, [, ¢(xs~ 11yt ~1s) dt" ds’, since g is central.
That is, [, [z ®(xs™ ty(s~1t)~Y)d:t" ds’, which equals [, [, p(xtyt~1) dt" ds’,
by invariance. Since pg; is normalized we see that ¢ satisfies the normalized
character formula. The continuity and boundedness of ¢ tells us, by Theorem
(1.5), that p=y,/d,, for a unique p € #.

COROLLARY (6.5). Z(L,) is a commutative symmetric semisimple *-algebra, i.e.,
each M in M(Z(L,)) is v-stable.

This follows from Theorem (6.1) and the fact that if M=Ker ¢ is a maximal
ideal then @=yx,/d,, by Theorem (6.4), and in particular, p=¢~. The proof of
Theorem (6.1) shows that L,(f~)=L4(f)", for all fe Z(L,),so M~ =M. |
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We denote by ®(G)<L,(G) the set of continuous normalized positive definite
functions on the locally compact group G. As has been shown in Yoshizawa [28],
the compact-open topology and the weak *-topology coincide on ®. A proof is
also given in Dixmier [1] as well as in Godement [7] in the special case of [SIN]-
groups and the subset ®,—(0) of ®. Since X is contained in P, the same holds
for %. It follows that the evaluation map G x ¥ — C is jointly continuous.

We show that ¥ U (0) is w*-closed in the strong unit sphere S of L. It will
then follow that X U (0) is a compact T,-space in the w*-topology [16, p. 22] and,
consequently, that X is a locally compact T,-space in the w*-topology. It is not
difficult to see that, in fact, X U (0) is the one-point compactification of %. Suppose
then that ¢, »; ¢, ¢, € £ U (0), p € S. If (0) is confinal in ¢,, then evidently ¢=0,
and we are done. Thus we may assume ¢,#0, for all v. Since ¢, then is in ® and
since, as is well known [21], @ is closed in S, we have ¢ € ®. Thus ¢, — ¢ in the
compact-open topology. Choose £>0. Let x,ye G be fixed and consider the
compact set FxF ~'y where F is any compact set containing {1} U Supp w, and w is
the weighting function. Then ¢,(x) — ¢(x), () — (),

| f o(txt ~y) dt'— f <p(txt"y)dt’| < f |py(txt ~y) —@(txt=1y)| dt’
GlZ GlZ GlZ
- f W(E)|pu(txt ~1y) —pltxt = 2y)| di < e f w(t) dt = e.
G G

Thus [4,, ¢(txt ~2p) dt” — [, e(txt ~1y) dt’. It follows that, since each g, satisfies
the normalized character formula so does ¢; and since ¢ is a continuous bounded
function (¢ € ®) we have, by Theorem (1.5), ¢ € 2(").

Although the fact that p — d, is continuous follows from the joint continuity of
the evaluation map we prefer to give a direct proof as follows. If p, — p in Z(G)
then x,,/d,, — x,/d, uniformly on compact sets of G. It follows that since w is
bounded

W)X, )2 45,7 — w(x) xo(x)|?d5

uniformly on U, where w is the weighting function and G=UZ as above. Since
supp we U it follows that

[ w0152 e | e .

By Corollary 2 of Theorem (2.2) of [9] we have [, w(x)|x,(x)|2 dx=1 for any o in
2. Thus d,? — d; ? and therefore d,, — d,.
We summarize our results in

(7) An alternative proof is afforded by simply letting f, g € 2(L,); then f* ge Z(L,).
Since ¢, 25 ¢ we have L,, — L, at f, g and f * g. It follows that L, is multiplicative on Z'(L,)
and therefore, by Theorem (6.4), ¢ € . (L, is nonzero because ¢ € D.)
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THEOREM (6.6). Let G be a [Z]-group. Then on X(G) the compact-open topology
and w*-topology coincide and the evaluation map X(G) x G — C is jointly continuous.
In this topology, X(G) is a locally compact T,-space whose one-point compactification
is 2(G) U (0) (in the w*-topology). Thus, if #(Z(L,)) is identified with X(G), as in
Theorem (6.4), the topology coincides with the Gelfand topology. Since X(G) is in
bijective correspondence with Z(G), this gives a locally compact T,-topology on %(G).
The canonical map A: Z — Z" is then evidently continuous and, as shown in §5,
A~Y(x) is a closed discrete subset of X for each y € Z". Finally the map p —d, is a
continuous function on 4.

We now let fe L, and modify the definition of Fourier transform by letting
S~ (p)=f"(p)/dp where p € Z(G). Then the continuity of the map p —f~(p) of
Z — C follows from the fact that the topology on Z is the weak*-topology trans-
ferred from X. Since p — o in # means x,/d, 5 0 then evidently given ¢>0 we
have |f~(p)| <& for p in #\F where & is a_suitable compact set. The inequality
[~ = f1lx0llds =] f]l. shows that || f~| &= f],- In addition one has

@) = [ PeCds dx = [ [ wiodsexe—d; dx dr.

By unimodularity of G, and the fact that y, is central, the latter equals

[ j W) f(X)d xo(x) dx dt = f wi(e) dt f S5 (%) dx = £~(p),

so that ~ may be thought of as defined only on Z(L,); the same of course holds
for f~. We now come to

COROLLARY (6.7) (THE RIEMANN-LEBESGUE LEMMA). The map ~ : L,(G) — %, (%)
is norm decreasing and the image N of L, (or Z(L,)) is a dense *-subalgebra of
Z. (%) (in the topology of uniform convergence).

Proof. The first assertion follows from the preceding remarks. In the course of
the proof of (6.1) the equations (f*g)~(p)=f~(p)g~(p) and (f™)~(p)=f"(p)"
for f, g € Z(L,) were derived. Thus the map f— f~(p) is a *-homomorphism of
Z(L,) for each p in Z. It follows that U is a *-subalgebra of & _(%). That ¥
vanishes at no point follows from Corollary (3.3). If p and o are in £ and p#o
then f~(p) #/~ (o) for some fin L,. If not then [ f(x)x,(x)d; * dx = [ f(x)x,(x)d; * dx
for all f so that, as in the proof of (6.4), x,/d,=x,/d,. This dependence relation
shows p=o0, a contradiction. The corollary now follows from the Stone-Weierstrass
Theorem.

COROLLARY (6.8) (THE UNIQUENESS OF THE INVERSE FOURIER TRANSFORM). Let

p be a finite regular complex measure on X(G). If (3, d; *x,(x) du(p)=0, for all
x € G, then p=0.



448 SIEGFRIED GROSSER AND MARTIN MOSKOWITZ [May

Proof. Let fe Z(L,). Then
[ 7@ dutey = [ [ ro9d52x05) i o)

= [ 169 [ 4 o) dx = o

Since A is dense in & (%), the result follows. ||
We note in passing where the *“group characters™ of G fit into the picture.

PROPOSITION (6.9). @3 N F(G)=(G/(G)~)"=X(G) N ®,, where O, denotes the
extreme points of ®.

Proof. The relations ¥ N ®,=F N @, and (G/(G") )" ={p| pe X, d,=1}c
X N @, are quite clear. It remains to prove ®, N F,=(G/(G)")". If p € ®, then
@(x)=<p(v), v) where p € Zg, and |v| =1 (see [7]). Extend v to an orthonormal
basis {v, v, . . ., v,} of V,. Since ¢ € £#,, we have

n

pua(xy) = 2:1 P1(X)psn(y) = z:l P1i(¥)pis(x) = p11(yx).
i= i=
It follows that >7_; p1,(x)ps1(¥) —>7=2 pj1(x)p1(¥)=0 for all x, y. By Burnside’s
Theorem (see Proposition (3.1) of [10]), we conclude p,;(¥)=p;(y)=0, for all
y€G,j=2,...,n Hence, unless n=1, p is reducible; i.e., p € (G/(G')~)".
As a consequence of our results we get a Bochner type theorem for central
functions which generalizes the classical theorem for abelian groups [21, p. 410,
Theorem 2].

THEOREM (6.10). Let G be a [Z]-group and ¢ be a continuous positive-definite
central function. Then there exists a positive finite regular measure du, on %(G)
such that

(iii) o(x) = L 5 o), Sor all x€G.

Conversely, each function defined by (iii), where du(x) is any positive-finite regular
measure on X, is continuous, positive-definite, and central. Thus (iii) sets up a bijective
and, in fact, isometric correspondence between such functions and finite regular
measures on X(G).

Proof. Suppose ¢ is defined by (iii) where du is a positive-finite regular measure.
Then, since ¢ is in %, it is central and therefore, so is ¢. Let Ay, ..., A, be complex
numbers and xy, ..., x, € G. Then 3y A7 Lp(xi 'x,) =[5 Sy &A™ Ady 'x (i x;) de.
It follows from the fact that p is a unitary representation that y,/d, is positive-
definite; hence the integrand is nonnegative. Since u is a positive measure o is
positive-definite. Let £¢>0 and choose a compact set < X so that w(¥\F)<e.
Since & is compact the Ascoli Theorem tells us & is equicontinuous. For x, € G,
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choose a neighborhood U of x, so that if x € U then |g(x)—x(x,)| <e, for all
t € Z. For x in U, we have

P =0l < [ 120926 o) + [ 00— s ) < ol +2),

because the ¢’s are normalized. Thus ¢ is continuous.

For the converse, Z(L,) is a commutative semisimple *-algebra, and, as is well
known, L, is a positive bounded linear functional on L; which is extendable and
respects involutions [21]. In particular, this is true on Z(L,). We have, by the
theorem of Herglotz-Bochner-Weil-Raikov [16, p. 97], that there exists a positive
finite regular measure u, on #(Z(L,)), i.e. X, such that L,(f)=[zf~(¥) dr.(z),
where [~ (£)=Ly(f), t€ & Thus [, f(x)e(x) dx= [z [ f(x)e(x) dx du,(x). By the
Fubini Theorem, [ f(x)p(x) dx= [, f(x)¥(x) dx, for all fe Z(L,), where y(x)=
fz ¥(x) d(x). Since, by the part of the theorem already proven, ¢ is continuous
and central and since these are the assumptions on g, it follows from Lemma (6.2)
that g(x) = [ £(x) du.(x), for all x € G. Finally, for x=1, we get ¢(1)= [ £(1) dp,(z)
=pu,(%), since the ¢’s are normalized. But g is positive-definite, so that |¢|c=¢(1)
=|pol.-

The following inversion theorem follows from our Bochner Theorem and an
abstract type inversion theorem [16, p. 99] in much the same way that the inversion
theorem for abelian groups does [16, p. 143]. In this connection, see Lemma (2.3),
Corollary (6.5) and Corollary (6.7). In what follows [ ] will denote complex linear
span.

Actually, because of the form of Bochner’s Theorem as well as the fact that the
maps f — f~(p) are the *-algebra homomorphisms of Z(L,), the Inversion formula
is given in the form: there is a unique positive regular measure dv on ¥ such that
for each fin [Z'(L,) N @] one has f(x)= [ x,(x)~d; f~(p) dv(p). However this
equals fae xo(x)~d; 2" (p) dv(p). Since p — d; 2 is a nonnegative continuous func-
tion on ¥ and dv is a positive regular measure, the Riesz theorem shows the same
is true of d; 2 dv(p). The modified dv turns out to be du, up to a positive constant.
(As was remarked in §4, p,, is determined, as in the abelian case, only up to a
normalization.)

THEOREM (6.11) (FOURIER INVERSION THEOREM FOR CENTRAL FUNCTIONS)(®).
The Plancherel measure duy is the unique regular measure on %(G) such that for
each fin [Z(L,) N @] the function p — [~ (p) dp is in L,(%, du) and

109 = [ £ G0 dunlp), %G
In particular, this will establish the uniqueness of the Plancherel measure. In fact,

(® In a later publication we shall prove a general Fourier Inversion Theorem (which
depends on (6.1)) for functions which are not necessarily central.
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the Plancherel measure is uniquely characterized by the property expressed in
Corollary (4.4). As the remarks preceding the theorem indicate, there exists a
unique regular measure dv satisfying the condition of Theorem (6.11). It remains
to show dv=dpu,,.

Proof. If ge Z(L,) N L, and f=g = g~ then f is continuous, positive-definite,
and in Z(L,). The Inversion Theorem applies to f. Thus f(1)=[g4 d,/"(p) dv(p).
On the other hand f(1)=| g||3, and by the results of §3 d,f"(p)=|g"(p)|?, so that
lgl2=] |g"(p)|? dv. However, by the Plancherel Theorem for central functions,
lg 3=/ 1g"(p)|? dus. Hence, for all g in Z(L,) N L, one has

f |g7(p)|? dv = f 187 (p)|? dppy < 0.
R R

Let A, ,={g" | g€ Z(L,) N Ly} and dp be either du,, or dv. We show the sub-
space U, , is dense in Ly(X, di). To this end let & be in Ly(%, du) and suppose
Jz & (p)h(p)~ du=0 for all g” in ¥, ,. Then since A, ,={g" | g€ L, N Ly} and,
as was remarked in §3, (g.-1)"(p)=d; *x,(x)g"(p) for all g in Z(L,) we have
Jz d; % (x)g"(p)h(p)~ dp for all g in Z(L,) N L, and x € G. But g” € Ly(%, dy)
by the above, and h € Ly(%, du) by assumption. Therefore g~h~ € L,(%, du) and
by the uniqueness of the inverse Fourier transform, g~h~ =0 a.e. on ¥X. For each
p € X there exists a g in &, N Z, so that g"(p) #0 and by continuity (since g~ and
p — d, are continuous so is g7) a neighborhood %, of p on which g~ #0. To see
this first choose by the above a g in Z(L,) so that g”(p)#0 and then a sequence g,
in & such that g, — g in L,. Since # is a bounded operator we have g# — g# in L,.
On the other hand g} € #, N &, and g=g#. Therefore we have a sequence, which
we again call g,,, in &, N F, — g in L,. It follows that g, — g~ uniformly on X
and in particular, at p. Multiplying by d, we conclude that g, (p) — g"(p). Since
g7 (p)#0 it follows that there is some n so that g, (p)#0. Consequently h=0 a.e.
on each %,. On the other hand because h € Ly(%, dr) and du is regular, 4 has (up
to a null set) o-compact support. The set {#,/p € %} is an open covering of X and
therefore supp h=\Ji2, %,, for some countable number of p;’s. That h=0 a.e.
on X now follows from the fact that =0 a.e. on each %,,,.

The identity map from ¥, , to itself regarded both as a subspace of Ly(%, du,,)
and Ly(%, dv) extends to an isometry I: Ly(%, du,) — Lo(%, dv). From this it
follows that a Borel set & of X has finite u, measure iff it has finite v measure and

%1(y)=v(y); ie., Pp1 =V.

COROLLARY (6.12). The Fourier transform f — ~, where f€ Z(L,) N L,, extends
to an isometric linear map LY(G) — Ly(¥%, du,;) where L} is defined in §2.

Proof. Evidently, L% is the closure of 2(L;) N L, in L,. Since ¥, , is dense in
L,(%, du,,;) the isometric linear surjection Z(L,) N L, — A, , extends in a unique
way to an isometry of L4(G) onto Ly(%, du,). |
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We now turn to the L,-algebra and its maximal ideal space #(L,) and study the
relationship with Z(L,) and #(Z(L,)), respectively. This carries out, for the
analogous situation of a group algebra (of a [Z]-group), the program introduced
by Y. Misonou and M. Nakamura in [20] for C*-algebras and uses, particularly in
Lemma (6.15), a variant of Godement’s technique [6, Lemma 15].

PROPOSITION (6.13). L,(G) has an approximate identity consisting of central
Sfunctions.

This result follows immediately from Theorem (1.3) of [9].
LeMMA (6.14). If I is a proper closed 2-sided ideal in L, then I N Z(L,)# Z(L,).

Proof. Otherwise, 12 2(L,). Let f, be an approximate identity in L, consisting
of elements in Z(L,). For f€ L,, we have f* f, — fin L,. Hence fe I, since I is a
closed ideal. Thus I=L,.

LeMMA (6.15). Each I € #(L,) has the property that

I={f|(fxg)elforallgelL,}.

Proof. Let the latter set be denoted by J,. If fe I and ge L, then f* ge I and
therefore (f* g)* € I*<1I, by Theorem (2.2). Thus I<J;. Next we show J; is a
2-sided ideal. Clearly J; is a subspace of L;. If feJ; and h € L, then ((f* h) » g)*
=(fx(hxg)fel, so fxhelJ,. Also ((h*f)*g)* equals, by Theorem (2.1),
(g*x(h=f)yf=((g = h) *f)*=(f* (g * h))#, again by Theorem (2.1). The latter is
in I, so h * fis in J;, and J; is a 2-sided ideal.

Since / is maximal, J;=1 or J;=L,. If J;=L, then, for any fand g € L,, we have
(f*g)! in I and therefore in I N Z(L,). Let e be the identity modulo 7. Then
(exg)yfelIn Z(L,)and e x g—g e, forall g € L,. It follows that (e * g)* —g* € I
=In Z(L,) and therefore g# € I N Z(L,), for all ge L,, i.e., Z(L)=1n Z(L)).
This contradicts Lemma (6.14). [

We evidently get the following corollary.

COROLLARY (6.16). If Iand I’ are in M(L,) then I=I' if I N Z(L,)=I' n Z(L,).

PROPOSITION (6.17). If I is a regular maximal 2-sided ideal in L, then I N Z(L,)
is such an ideal in Z(L,).

Proof. I N Z(L,) is clearly an ideal in Z(L,). If e is the identity modulo I then
et € Z(L,) and e x f*—f# e I, for all f# in 2(L,). It follows from Theorems (2.1)
and (2.2) that (e * f# —f#) = (e » f#)f — f## =& x f# — f# € [#=] N Z(L,). Therefore
I*is regular. We show it is maximal. If not, then, by regularity, we can imbed it in a
maximal regular ideal M of Z(L,). Then, as in Lemma (6.15), J,, is a 2-sided ideal
in L, containing I. In addition, Jy #L,; otherwise, (f* g)¥e€ M, for all f,geL,.
In particular, (e x g)¥=e# x g# € M, for all ge L,, and since e* » g¥—gt e IS M,
for all g#, we have g# € M, i.e. M=2(L,), a contradiction. By maximality of I it
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follows that Jy,=1I. Let f# € M, where fe L,. Then (f# x g)f=f#x g# ¢ M, for all
geL, since M is an ideal. Therefore, f#e I N Z(L,). Thus M<I#. This means
that M =1I# and therefore I# is maximal. ||

The following theorem generalizes a result of I. E. Segal concerning compact
groups [22]; for abelian groups it is well known.

THEOREM (6.18). Let G be a [Z])-group and I € #(L,). Then I=Ker T(p), for a
unique p € A(G). Conversely, each p in #(G) gives a regular maximal 2-sided ideal
in this way.

Proof. That Ker T(p) is a regular maximal 2-sided ideal was shown in the proof
of Theorem (3.1). Let I be such an ideal. Then I N Z(L,) is in A (Z(L,)), by
Proposition (6.17). By Theorem (6.4), there exists a pe % so that I n Z(L,)
={f|fe Z(L,),f (p)=0}. Consider T(p), its Fourier transform. Then I,=Ker T(p)
is in (L) and, as was shown in the proof of Corollary (3.3), I, N Z(L,)=
In Z(L,). Corollary (6.16) tells us that I=1,. If I,=1I, then I, " Z(L))=I, N
Z(L,) and therefore {f| fe Z(L,), [~ (p)=0}={f| fe Z(L,),f (c)=0}. The fact
that % separates the points proves p=o.

COROLLARY (6.19). The above yields bijective maps, with a commutative diagram,
between the following sets:

a1
R —— > M(Ly)

.k

X— > MZL))
where o; (i=1, ..., 4) are given by p — Ker T(p), p —> Xo/dp> Xo/d, — {f | f~(p) =0},
I—1n Z(L,), respectively.

Proof. o, a,, and «; were shown to be bijective in Theorems (6.18), (4.1) of [10],
and (6.4) respectively, while o, was proven bijective in the course of the proof of
Theorem (6.18), as was the commutativity of the diagram since this means that
for fe Z(Ly), f~(p)=0iff T/(p)=0. 1

The next corollary seems to be the ring-theoretic analogue of Theorem (2.1)
of [9].

COROLLARY (6.20). Each I € M(L,) is V -stable and has finite codimension.

Proof. By the above, I=Ker T(p), where p € #. Since p is unitary, T(p) is a
*-algebra homomorphism and therefore I is *-stable. Moreover, d, is finite and
T(p)(L,) is the full matrix algebra, by the proof of Theorem (3.1). Thus we see that
[Ly:I]=d2.

This result implies that fin. rad. (L,) and st. rad. (L,) coincide in the case of
[Z]-groups. Thus there is no distinction between Theorems (2.4) and (3.1) in that
case.
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